Introduction

1
A bed of granular material in a rotating drum can experience a wide range of 2 phenomena-from perfect mixing to convection and size segregation-depending These behaviours are exploited industrially in a range of material-handling ap-8 plications, including powder mixers, rotary kilns, trommels, and grinding mills.
9
Of most interest for all of these applications are the cascading and cataracting 10 modes, which will be the focus of this paper. Which of these modes obtains in a 11 rotating drum is most determined by two operating variables: the drum's rota-12 tional speed, and the fraction of its volume occupied by the granular material.
13
For ease of comparison across drum sizes, rotational speed can be expressed 14 as a fraction of critical speed, N C , which is the rotational speed at which the 15 outermost layer of granular material in a rotating drum begins to centrifuge. It 16 is defined by Rose and Sullivan (1957) , in revolutions per second, as:
where D is the inner diameter of the rotating drum, g is the acceleration due to 
Although equation 2 is an imperfect approximation, even for mono-disperse 22 granular materials, and although the critical speed of a rotating drum has been 23 shown to be more complicated than that shown in equation 1 (Watanabe, 1999) , 24 we employ the definition in equation 2 for ease of comparison with industry and 25 industrial data.
26
Also for comparison with industrial data, the volume of granular material in the 27 drum is not expressed as a volume fraction, but as a load fraction, f . The load 28 is that volume of material that would completely fill the drum. Thus the load 29 fraction differs from the volume fraction by a factor of the packing fraction, η.
30
The load fraction can be expressed as:
where V m is the volume of the granular material, and V d the internal volume of 32 the drum. Defining the load fraction in this way has the effect that the occupied 33 fraction of the drum can increase as the dynamic granular bed dilates, and thus 34 the bed packing fraction decreases.
35
Due to the breadth of applications of rotating drums in granular handling op-36 erations, knowing how the behaviour of a granular bed will change in response 37 to varying operating conditions, such as drum rotational speed and filling, is of 38 significant interest to industry. This work will go some way towards providing 39 an unambiguous means of characterising the type of motion undergone by a 40 granular bed from either Lagrangian or Eulerian experimental data.
41
The rest of the paper is organised as follows: first, various sources of the ne-42 cessary experimental data are discussed generally, and the technique employed 43 here, positron emission particle tracking (PEPT), in detail. were developed to image the bulk behaviour of a granular bed. Nakagawa et al.
68
(1993), for instance, used nuclear magnetic resonance imaging (NMRI) to study 69 the motion of mustard seeds in a rotary kiln. Similarly, Powell and Nurick
70
(1996b) used biplanar x-ray imaging of a rotating drum to obtain, by the density- Subsequently, PEPT has also been successfully used to non-invasively recover
77
the Lagrangian trajectories of a radio-labelled particle in rotating drums by 
80
The PEPT technique 
Lagrangian-to-Eulerian particle tracking
117
Although the trajectories of a tracer particle moving in a bulk of similar particles 
175
The first Eulerian field of interest is the probability density, the likelihood that 176 a particle of the sort represented by the tracer particle will be at any given 177 location at any given time. By the ergodic assumption, this is the same as 178 the residence time distribution (RTD). That is, the length of time spent by the 179 tracer particle in each voxel is proportional to the likelihood of such a particle 180 being in that voxel at any instant. The RTD of a tracer particle is obtained 181 from its Lagrangian trajectory as follows.
182
Once the grid has been assigned, the sample points are replaced by the sample 183 trajectory, defined in terms of the piecewise interpolating polynomials above.
184
These interpolating polynomials can be inverted and solved for the boundaries
185
of the voxels to determine the times at which the tracer particle entered and likely that the tracer will be in a given voxel at any time, the more times it 191 will pass through that voxel, and the longer it will spend in that voxel, as per 192 the ergodic assumption. Hence the raw RTD is proportional to the probability 193 density. Finally, to obtain the actual probability density distribution, the raw
194
RTD is normalised to the total time that the tracer was tracked for. From
195
now on, the RTD will refer to the normalised (and not the raw) residence time The RTD can be interpreted as the most likely instantaneous distribution of .
204
The procedure for obtaining the RTD also facilitates that for obtaining the 205 kinematics of the system. In particular, once the times that the tracer particle 206 entered (t i ) and exited (t f ) a voxel on a transit j have been obtained, the average 207 s-velocity of the tracer on that transit can be written as:
where s(t) is the relevant piecewise polynomial as defined above, v s (t) = average s-velocity of the N transits of the tracer through a given voxel is:
where T = N j=1 Δt j is the total time spent by the tracer particle in that voxel 217 over all of its transits.
218
This procedure can be performed in each dimension to obtain thex-,ŷ-and 219ẑ -velocity flow fields, and a similar procedure can be performed to obtain the 220 acceleration flow fields, and thus the full kinematics of particles of the class 221 represented by the tracer.
222
Once the grid of voxels has been chosen, and the residence time binning proced-223 ure undertaken, the result is a series of three-dimensional grids containing the 224 basic kinematic flow fields of the tracer particle in the Eulerian reference frame 225 of the system. These can be combined to produce absolute velocity flow fields,
226
or acceleration in the xy-plane, for instance. They can be sampled to produce 227 sections along, or summed or averaged to produce projections onto, planes of 228 interest, and-using the positions of the centroids of each voxel relative to an 229 9 appropriate origin-they can be expressed in a coordinate system more natural 230 to the system under study.
231
For this work, the RTD is used directly to investigate the shape of the granular 232 bed, and both a cylindrical and Cartesian reference frame are used for various 233 velocity distributions. Furthermore, the 3D grids are sectioned to exclude the 234 end effects in the rotating drum, and projected onto the transaxial or xy−planes 235 as appropriate.
236
The behaviour of a granular bed in a rotating drum 237 The bulk and bed free surfaces 238 The surface of a dynamic granular bed undergoing cascading motion in a ro- surfaces of a dynamic granular bed from its transverse RTD.
272
The equilibrium surface and the centre of circulation
273
The bulk region of the bed can be further divided into two distinct regions-the which can be extracted the equilibrium surface.
289
The shape of the bulk of the bed is such that in its upper part, the rising mater- The point (or curve in three dimensions) through which the two equilibrium 299 surfaces pass, as shown in figure 7c , is called the centre of circulation (CoC).
300
Since it is the intersection of the horizontal and vertical velocity surfaces, it 301 has zero velocity in both directions; it is the stationary point about which the 302 bed revolves. In general, the CoC is not the same as the centre of mass of the 303 bed, which is calculable from the RTD by assigned each bin the position of its 304 centroid and a mass based on its normalised residence time.
305
The head, shoulders and toes The head of the bed is the highest point attained by the outermost layer of 
324
We define the departure shoulder as the point at which material in the bulk of of the bed free surface and the drum wall, respectively.
332
At moderate speeds, the bed free surface can be broken down into two segments, surface, which consists then of only one segment, and the drum wall.
344
Finally, we introduce two new features; we define the bulk shoulder as the upper 345 intersection of the bulk free surface and the equilibrium surface, and the bulk 346 toe as the lower one. These, like the head, are turning points in the bed motion.
347
Not all of these bed features will exist at all drum rotational speeds, as shown 348 in figure 8. As discussed before, at low speeds, there will be no material in the 349 in-flight region, and so the bed and bulk free surfaces will coincide. In this case,
350
the impact toe will not exist, the head will coincide with the bulk shoulder, and 351 the disperse toe will coincide with the re-entry toe. Thus, neither the transition,
352
nor the toe regions will exist in such a bed.
353
At moderate speeds, as shown in figure 8a , there is material in the in-flight 354 region, but it is not thrown so far as to impact directly on the drum wall. In 355 this case, the disperse and bulk shoulders may coincide, and the impact toe 356 will be at a small angular and radial position than the bulk and disperse toes. The effect of rotation speed on bed features
370
In this section we apply the characterisation routines described above to a mono-371 disperse bed of 5 mm glass beads in a 300 mm-diameter drum rotated at 50%,
372
60% and 75% of its critical speed. The drum has an internal length of 270 mm,
373
and was filled to a load fraction of 31.25%.
374
The shape of the bed and the free surfaces 375 Figure 9 shows the transverse RTDs of the dynamic bed under these conditions.
376
Below them is the scale used for all subsequent RTDs in this paper, with warmer 377 colours signifying longer residence times, and cooler colours shorter ones.
378
Applying the edge detection routines described above to the dynamic beds The residence time distributions of a 5 mm tracer particle in a 300 mmdiameter drum with a load fraction of 31.25%, rotated at 50% (left), 60% (middle) and 75% (right) of its critical speed. Table 2 : Angular positions of the departure and disperse shoulders; and re-entry, disperse and impact toes of a mono-disperse bed of 5 mm glass beads in a 300 mmdiameter drum with a load fraction of 31.25%, rotated at various speeds.
of the bed, but it also reflects the increasing amount of material in the in-flight,
409
transition and toe regions.
410
As the rotational speed of the drum increases, more and more material enters 411 the in-flight region as it is carried out of the bulk along the surface of the drum,
412
leading to the increasing angular position of the disperse shoulder, and to the 413 increasing angular separation of the disperse and departure shoulders.
414
As more charge enters the disperse region, a chaotic transition and toe region 415 develops. The development of the toe region is evidenced by the increasing 416 angular separation between the re-entry and disperse toes with increasing speed.
417
At very low speeds, there is essentially no toe region, and at very high speeds,
418
it is significant in size. Table 3 : The angular and normalised vertical positions of the highest point reached by a mono-disperse bed of 5 mm glass beads in a 300 mm-diameter drum with a load fraction of 31.25%, rotated at various speeds.
Also from the bed free surface, which separates the in-flight from the empty 431 regions, it is possible to obtain the head of the bed. Table 3 shows the angular 432 position of the head with increasing rotational speed, as well as its vertical 433 height above the lowest point of the drum, normalised to the drum diameter.
434
This is of interest because it determines the maximum potential energy available model, but are adopted merely to simplify further analysis.
462
Figure 13: General logistic and elliptic approximations to the bulk free (dashed white lines) and equilibrium (solid white lines) surfaces of a granular bed in a drum rotated at 50% (left), 60% (middle) and 75% (right) of its critical speed.
In this case, the equilibrium surface divides the bulk of the bed into its rising Table 4 : The density of the bed in the rising, active and in-flight regions, normalised to the density of close-packed glass spheres.
The change in densities with increasing rotational speed confirm that-since it 470 is able to dilate more or less freely, constrained only by the very dilute disperse 
483
The re-entry toe and departure shoulder, as given in marks a turning point in the free fall motion of material in the in-flight region.
490
In fact, all of the turning points of the bed motion are joined by the equilibrium 491 surface-the head can be defined as the intersection of the equilibrium and bed 492 free surfaces-and so can be considered special equilibrium points. The CoC
493
is also a special equilibrium point-it is the only stationary point in the bed. The bulk shoulder and toe give an indication of the extent of the bulk region.
494
497 Table 5 shows the gradual angular elongation of the bulk with increasing speed, of the CoC outwards with increasing mill speed, is more clearly captured in 507 the ratio of the thickness of the rising and active regions along a line passing 508 through both the centre of the drum, and the CoC of the bed. Table 6 changes with increasing rotational speed of the drum that it is in.
540
In particular, we have divided the bed into the dense bulk region consisting of re-entering the rising region.
553
We have made this division of the bed by defining the bed free surface, which 
